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A vector bundle with connection over a supermanifold leads naturally to a notion of
parallel transport along superpaths. In this note we show that every such parallel transport
along superpaths comes form a vector bundle with connection, at least when the base
supermanifold is a manifold.
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1. Introduction and statement of result
Let E be a Z/2-graded vector bundle over a compact manifold M . We consider a notion of parallel transport along
superpaths in M , generalizing the notion of reparametrization-invariant parallel transport along paths in M , and show that
it characterizes even (grading-preserving) connections over M .
Such a problem is motivated by obtaining a characterization of supersymmetric one-dimensional topological ﬁeld theories
(abbreviated TFTs) over a manifold. This would extend the description of one-dimensional TFTs over a space M as vector
bundles with connection over M in [5]. The equivalence between connections and usual parallel transport seems to be
a classical fact, but only recently appears in print (see for example [8] or [4]).
The basic concepts we work with in this paper involve the differential geometry of supermanifolds, and for an introduc-
tion to the theory of supermanifolds the reader is referred to Deligne and Morgan [2]. A quick survey on supermanifolds
can be found in [6]. The notion of 1|1 parallel transport that we use here appears in [3].
Recall that a connection (a.k.a. covariant derivative) on a (Z/2-graded) vector bundle E over M is a ﬁrst-order differential
operator ∇ : Γ (M, E) → Γ (M, T ∗M ⊗ E) satisfying Leibniz rule, i.e.
∇( f s) = df ⊗ s + f∇(s), f ∈ C∞(M), s ∈ Γ (M, E).
The connection is called even if it respects the Z/2-grading of the bundle E (along vector ﬁelds on M).
Let ∂t denote the standard vector ﬁeld on R, and D = ∂θ + θ∂t the standard odd vector ﬁeld on R1|1. 1|1 parallel transport
on E over M is deﬁned by parallel transport along (families of) paths R× S → M (parametrized by supermanifolds S), as lifts
of ∂t , as well as parallel transport along (families of) superpaths R1|1 × S → M , as lifts of D . There is a compatibility relation
for parallel transport along paths and superpaths given by diagrams
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q×id
M,
R× S
c
so that a section s along c is ∂t-parallel if and only if s is D-parallel along c¯ (the map q : R1|1 → R stands for the obvious
projection map). Note that a section s of c¯∗E is of the form s = s1 + θ s2, with si ∈ Γ (c∗E), and s is D-parallel iff s = s1 ∈
Γ (c∗E), with s1 a ∂t -parallel section.
The parallel sections along (super)paths should be chosen in such a manner that, when restricted to (super)intervals
(see Section 3.4 of [3]), they give rise to linear isomorphisms between the ﬁbers at the endpoints. The 1|1-parallel transport
is compatible under gluing of (super)paths, is the identity on constant (super)paths and is invariant under reparametrization.
The last condition for transport along superpaths means that if ϕ : R1|1 × S → R1|1 × S is a family of diffeomorphisms
of R1|1 parametrized by S that preserve the distribution determined by the standard vector ﬁeld D = ∂θ + θ∂t on R1|1,
then a section s ∈ Γ (R1|1 × S; c∗E) is parallel along the superpath c if and only if sϕ is parallel along the superpath cϕ
(see Section 3 of [3] for more details). Similarly, reparametrization-invariance for paths means as usual that the parallel
transport is invariant under precomposition by diffeomorphisms of R.
We should also require that the parallel transport is natural in the parametrizing superspace S for families of superpaths.
This means that, given a superpath c : R1|1 × S → M and a map ϕ of supermanifolds S ′ → S , a section s′ is parallel along
c ◦ (1× ϕ) if and only if it is of the form s′ = s ◦ (1× ϕ), for s a parallel section along the superpath c.
Note that the deﬁnition presented here does not differ from the one given in [3], where we performed parallel transport
only using superpaths. Indeed, the parallel transport along paths c : R× S → M can be obtained from parallel transport along
superpaths c¯ = (q × 1) ◦ c : R1|1 × S → M if we require that the parallel transport is natural with respect to the projection
map q : R1|1 → R; in other words, a section s along c¯ is parallel iff it is the pullback of a section along the map c. The reason
we prefer to make the parallel transport along paths explicit is that the ﬂow of an even vector ﬁeld on a supermanifold
does not give rise to an interesting family of superpaths (an R1|1-action) unless the vector ﬁeld is the square of an odd
vector ﬁeld on the supermanifold; henceforth we are obliged to consider its R-action (see Section 2.6 of [3] for the notion
of ﬂows of vector ﬁelds on supermanifolds).
One can observe that the invariance under reparametrization of the parallel transport along superpaths implies the
invariance under reparametrization of paths. Indeed, any family of diffeomorphisms ϕ of R as below lifts to a family of
diffeomorphisms ϕ¯ of R1|1 that preserve the distribution of D , and functoriality of parallel transport with respect to the
map q and invariance under ϕ¯ imply the invariance of parallel transport under the map ϕ:
R1|1 × S ϕ¯
q
c¯ϕ¯
R1|1 × S
q
c¯
R× S ϕ
cϕ
R× S.
c
M
Let us remark that not every family of diffeomorphisms of R1|1 descends to a family of diffeomorphisms of R. For this to
happen, the even part of the family ϕ¯ should be independent of the odd variable θ on R0|1.
The data given by a 1|1-parallel transport map can be encoded as a smooth representation of the category 1|1-tbord(M)
of 1|1-topological bordisms over the manifold M (whose objects are points in M , and morphisms are superpaths in M),
i.e. a 1|1-transport map deﬁnes a 1|1-TFT over M . Topological ﬁeld theories were ﬁrst introduced by Atiyah in [1] as
a junction point between topology and quantum ﬁeld theory. A modern approach to ﬁeld theories using the language of
categories can be found for example in [9,6] or [7].
The above notion of parallel transport can be word-for-word extended to vector bundles over supermanifolds. In [3]
we show that a connection on a vector bundle over a supermanifold gives rise to such a parallel transport. This paper is
concerned with showing the equivalence of the two notions when the base space is a manifold. This is enough if we are
only interested in describing 1|1-TFTs over a manifold. Our main result is the following
Theorem 1.1. There is a natural 1–1 correspondence{
1|1 parallel transport
on E over M
}
←→
{
Even connections
on E over M
}
.
In other words, since 1|1-TFTs over M are represented by 1|1-parallel transport maps over M , we can reformulate the
theorem as
1|1-TFT(M) ∼=
{
Z/2-bundles with even connections
over M
}
,
F. Dumitrescu / Differential Geometry and its Applications 30 (2012) 477–489 479where the left-hand side denotes the space of all 1|1-TFTs over the space M (to avoid set-theoretic issues, we require that
the ﬁeld theories over points are vector spaces in a ﬁxed inﬁnite dimensional vector space).
In [3, Section 3] we constructed a map{
1|1 parallel transport
on E over M
}
←−
{
Even connections
on E over M
}
,
when M is a supermanifold. The parallel transport along superpaths was deﬁned by considering sections that are constant
along superpaths in the direction of the vector ﬁeld D with respect to the pullback connection. Moreover, the parallel
transport recovers the connection, making the above map injective. The novelty of the Theorem 1.1 consists in producing
a connection out of a 1|1-parallel transport map and show that it provides an inverse to the natural map “←−”. The proof
will be the result of the equivalences expressed in the diagram below.
{1|1 transport on E}
Prop 3.1
Th 1.1 {even connections on E}
{1|1 o.t. transport on π∗E}
Prop 4.1
{o.t. connections on π∗E}.
Prop 2.2
The bundle π∗E is the pullback bundle of the bundle E via the map π : ΠTM → M from the “odd tangent bundle”
of M to M , which on functions is the inclusion of functions on M , as 0-forms, into the space of differential forms on M .
The abbreviation o.t. stands for “odd-trivial” (see below).
The reason we run our proof through the intermediate supermanifold ΠTM instead of directly working on the mani-
fold M is that on ΠTM we can ﬁnd interesting families of superpaths to capture the geometry of 1|1-parallel transport,
namely those parametrized by ΠTM itself, expressing the ﬂows of odd vector ﬁelds on ΠTM . Alas, on M there are no odd
vector ﬁelds.
2. Odd-trivial connections
Let X be a vector ﬁeld on a manifold M . This determines two types of vector ﬁelds on ΠTM: an odd vector ﬁeld ιX ,
the contraction in the direction of the vector ﬁeld X , acting as an odd derivation on Ω∗(M) = C∞(ΠTM), and an even vector
ﬁeld LX , the Lie derivative in the direction of the vector ﬁeld X , acting as an even derivation on C∞(ΠTM). (The Z/2-
grading on Ω∗(M) is given by even and odd differential forms.)
Consider E to be a Z/2-graded bundle over M . The characterization of pullback connections on pullback bundles by the
following statement is clear.
Proposition 2.1. Let ∇˜ denote a connection on the pullback bundle π∗E over ΠTM via the projection map π : ΠTM → M. Then
∇˜ = π∗∇,
for some connection ∇ on the bundle E over M if and only if〈∇˜(π∗s), ιX 〉= 0 and 〈∇˜(π∗s),LX 〉 ∈ π∗Γ (M; E),
for any s ∈ Γ (M; E) a section of E and any X a vector ﬁeld on M.
The sharp bracket above stands for the pairing between 1-forms and vector ﬁelds on ΠTM . Let us call such connections
on pullback bundles π∗E → ΠTM as in Proposition 2.1 odd-trivial connections.
Remark. The zero-equality above is not true for all odd vector ﬁelds on ΠTM . For example, we have〈∇˜(π∗s),d〉= ∇s,
where d denotes the exterior derivative d acting on differential forms on M , and is interpreted as an odd vector ﬁeld
on ΠTM . Still it remains true for vector ﬁelds pointing in the “odd” directions. (Note that d can be written locally as
d =∑dxi ∂
∂xi
so it points “even”.)
We can reformulate the above result as
Proposition 2.2. Let E be a Z/2-graded vector bundle over M. There is a 1–1 correspondence{
Grading-preserving connections
on E over M
}
←→
{
Odd-trivial connections
on π∗E over ΠTM
}
.
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Lemma 2.3. If ∇˜ is an odd-trivial connection, then ∇˜ is ﬂat in the odd-pointing directions, i.e.
[∇˜X , ∇˜Y ] = ∇˜[X,Y ]
for X , Y odd vector ﬁelds on ΠTM that can be written as linear combinations of vector ﬁelds of the type ιZ , where Z is a vector ﬁeld
on M, with coeﬃcients even differential forms.
Proof. It is enough to check the relation for odd derivations of the type ιZ , where Z is a vector ﬁeld on M , and then extend
it by Ω∗(M)ev-linearity. 
3. Odd-trivial 1|1-parallel transport
We say that the 1|1-parallel transport on a bundle π∗E over ΠTM is odd-trivial if the parallel transport along maps
α¯X : R1|1 × ΠTM → ΠTM,
given by the ﬂow of vector ﬁelds (see Section 2.6 of [3]) of the form ιX on ΠTM , where X is a vector ﬁeld on M , is the
identity on sections with initial condition of the form π∗s ∈ Γ (π∗E), for s ∈ Γ (E). Recall (see [2]) that for such odd vector
ﬁelds ιX on ΠTM that square to zero, the ﬂow is actually determined by an R0|1-action on ΠTM , αιX : R0|1 × ΠTM →
ΠTM and the map α¯X factors as below
R1|1 × ΠTM α¯X
p×id
ΠTM,
R0|1 × ΠTM
αιX
where p : R1|1 → R0|1 is the obvious projection map. The identity requirement above makes sense since the pullback of the
bundle π∗E via the map α¯X is the bundle R1|1 ×π∗E over R1|1 ×ΠTM , as the bundle is the pullback bundle of the bundle
α∗ιXπ
∗E via the map p × 1, and the bundle α∗ιXπ∗E is the pullback bundle of E via the map p0 × π : R0|1 × ΠTM → M ,
i.e. it is the bundle R0|1 ×π∗E .
We should also require that for parallel transport along paths given by the ﬂows αX : R× ΠTM → ΠTM of even vector
ﬁelds LX on ΠTM coming from vector ﬁelds X on M , we have that
pΠTM
(
αX ;π∗s ∈ Γ
(
π∗E
)) ∈ (1×π)∗Γ (α∗X E),
where the map αX : R× M → M is the ﬂow of the vector ﬁeld X on M . (We use the notation pN (c; s0) for parallel sections
in the space N along the (super)path c, determined by the initial condition s0.) Note that there is a compatibility of the
ﬂows with the projection map π , as illustrated by the diagram
R× ΠTM
1×π
αX
ΠTM
π
R× M αX M.
Proposition 3.1. There is a 1–1 correspondence{
1|1 parallel transport
on E over M
}
←→
{
1|1 odd-trivial parallel transport
on π∗E over ΠTM
}
.
Proof. “←−” Denote by j : R0 → R1|1 the standard inclusion of a point in R1|1, namely mapping to (0,0) ∈ R1|1. Consider
an arbitrary superpath c in M as below
c∗E E π∗E
R1|1 × S c M i ΠTM.
To deﬁne a 1|1 parallel transport in M , we need to specify for each such superpath c in M a parallel section pM(c;h ⊗ s)
along c, for each initial condition
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where h ∈ C∞(S) and s ∈ Γ (M, E), and c0 = c ◦ j. Deﬁne
pM(c;h ⊗ s) := pΠTM(ic;h ⊗ s),
where i : M → ΠTM denotes the standard inclusion. Note that
c∗0E ∼= c∗0i∗π∗E,
since π i = id. Let now ϕ : R1|1 × S → R1|1 × S denote a family of diffeomorphisms of R1|1 preserving the conformal structure
(the distribution determined by the vector ﬁeld D = ∂θ + θ∂t deﬁning the standard metric structure on R1|1) and the
point (0,0). Then
pM(cϕ;h ⊗ s) = pΠTM(icϕ;h ⊗ s)
= pΠTM(ic;h ⊗ s) ◦ ϕ
= pM(c;h ⊗ s) ◦ ϕ.
The second equality holds since the 1|1-parallel transport on ΠTM is invariant under reparametrization. This means that
the 1|1-parallel transport on M we constructed is invariant under reparametrization. Compatibility under glueing of super-
paths and the identity on constant superpaths are obvious properties of the constructed parallel transport.
Similarly, for a (family of) path(s) c in M as below
c∗E E π∗E
R× S c M i ΠTM,
we deﬁne pM(c;h ⊗ s) := pΠTM(ic;h ⊗ s), for h ⊗ s ∈ Γ (S, c∗0E) a section along c0 : S → M . It is clear that the parallel
transport along paths is invariant under reparametrization and compatible under glueing of paths.
“−→” Given a superpath c in ΠTM as below
c∗π∗E π∗E E
R1|1 × S c ΠTM π M
we need to specify a parallel section pΠTM(c;h ⊗ω ⊗ s) along c with initial condition
h ⊗ω ⊗ s ∈ Γ (S, c∗0π∗E)
∼= C∞(S) ⊗C∞(ΠTM) Γ
(
ΠTM,π∗E
)
∼= C∞(S) ⊗C∞(ΠTM) C∞(ΠTM) ⊗C∞(M) Γ (M, E),
where h ∈ C∞(S), ω ∈ C∞(ΠTM) ∼= Ω∗(M) and s ∈ Γ (M, E). The map c0 : S → ΠTM denotes the restriction of c to
(0,0) × S . We deﬁne such a parallel section by
pΠTM(c;h ⊗ω ⊗ s) := pM(πc; c∗0(ω)h ⊗ s).
As before, we check that
pΠTM(cϕ;h ⊗ω ⊗ s) = pM(πcϕ; c∗0(ω)h ⊗ s)
= pM(πc; c∗0(ω)h ⊗ s) ◦ ϕ
= pΠTM(c;h ⊗ω ⊗ s) ◦ ϕ,
for ϕ an arbitrary family of diffeomorphisms of R1|1 preserving the conformal structure and the point (0,0). The second
equality holds since the 1|1-parallel transport on M is invariant under reparametrization. This means that the 1|1-parallel
transport on ΠTM we constructed is invariant under reparametrization. Compatibility under glueing of superpaths and the
identity on constant superpaths are as before obvious. Parallel transport along paths in ΠTM is dealt with in a similar
manner.
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vector ﬁeld ιX on ΠTM , for X a vector ﬁeld on M . Then
pΠTM
(
α¯X ;π∗s ∈ Γ
(
π∗E
))= pM(πα¯X ;π∗s ∈ Γ (π∗E))
= α¯∗Xπ∗s,
since the map α¯X factors through αιX : R0|1 × ΠTM → ΠTM , and the composition πα¯X is the uninteresting projection
map.
Now, it is not hard to see that if we apply the construction “−→” and then the construction “←−”, we obtain the
identity. To see that the correspondence in the proposition is one-to-one, we are left to check that the construction “←−”
is injective. This is a consequence of the following diagram
{1|1-odd trivial transport in ΠTM}
Prop 4.1 (to be proven)
{1|1-transport in M}
{odd-trivial connections over ΠTM} {even connections over M}
as well as the diagram
{even connections over M} {1|1-transport in M}
{1-transport in M}
being commutative. Now observe that the lower right arrow map in the last diagram is injective since a connection is
recovered by its usual parallel transport. Therefore the right arrow map is injective (a direct argument of this fact can
be also found in Section 3.3 of [3]). This further implies, by looking back at the ﬁrst diagram, the required injectivity.
We conclude that the two constructions are inverses of one another, and so obtain the proposition. 
4. An odd-trivial equivalence
Proposition 4.1. There is a 1–1 correspondence{
1|1 odd-trivial parallel transport
on π∗E over ΠTM
}
←→
{
Odd-trivial connections
on π∗E over ΠTM
}
.
“←−” It is clear how a connection gives rise to 1|1-parallel transport: given a superpath c in ΠTM , pullback the con-
nection along c and deﬁne a section to be parallel along c if it is constant in the direction of the vector ﬁeld D on R1|1.
Moreover, the odd-triviality of the connection implies the odd-triviality of the resulting parallel transport.
We spend the remaining of this section going in the other direction “−→” and end up showing that the two arrows are
inverse to each other. We start off by lifting the action of vector ﬁelds of the type LX and ιX on ΠTM , for X vector ﬁelds
on M , to actions on the total space of the bundle π∗E , which by differentiation gives us a compatible (under summation
and function multiplication of vector ﬁelds) family of derivations, i.e. a connection on π∗E . In order to lift such actions
we make some preliminary remarks on ﬂows of vector ﬁelds in Section 4.1, which are of independent interest, and then
combine the even–odd rules of Section 4.2 to obtain the algebraic properties of a connection.
4.1. Remarks on ﬂows of vector ﬁelds
In this section we ﬁnd a Trotter type formula relating the ﬂow of the sum of two vector ﬁelds X and Y , in terms of the
ﬂows of X and Y , as well as a relation between the ﬂow of X and the ﬂow of f X , for f a function on the manifold. There
is a deﬁnite advantage to express geometrically these algebraic operations from a ﬁeld theoretic perspective.
Proposition 4.2. Let X and Y be vector ﬁelds on M, and let α,β : R×M → M denote the ﬂows determined by X, respectively Y . Then
the ﬂow γ of the vector ﬁeld X + Y is given by
γt(x) = lim
n→∞ (α tn β tn ) ◦ · · · ◦ (α tn β tn )︸ ︷︷ ︸
n
(x).
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d
dt
∣∣∣
t=0(αt ◦ βt)(x) =
d
dt
∣∣∣
t=0α
(
t, β(t, x)
)
= ∂
∂t
∣∣∣
t=0α(t, x) +
n∑
i=1
∂α
∂xi
(0, x)
∂
∂t
∣∣∣
t=0β
i(t, x)
= (X + Y )(x).
By a similar calculation, we have
d
dt
∣∣∣
t=0(α t2 β t2 ) ◦ (α t2 β t2 )(x) = (X + Y )(x),
and more generally
d
dt
∣∣∣
t=0 (α tn β tn ) ◦ · · · ◦ (α tn β tn )︸ ︷︷ ︸
n
(x) = (X + Y )(x),
for any n. Next, we will show the group property for the family {γt}. To simplify notation, denote f ◦ · · · ◦ f︸ ︷︷ ︸
n
by f (n) . We then
have
γ2t = lim
n→∞(α2t/2nβ2t/2n)
(2n)
= lim
n→∞(αt/nβt/n)
(n)(αt/nβt/n)
(n)
= γtγt .
By a similar calculation, we obtain γ3t = γtγtγt , and more generally
γt = γ (n)t/n , for all n 1.
This implies that
γtγs = γt+s,
for all t , s rational numbers, and, by continuity, for all t , s real numbers.
Note that the limit in the statement of the proposition exists, as one can check for example by a Taylor expansion in t ,
for a ﬁxed x ∈ M , and verifying that the Taylor coeﬃcients converge. 
Remark 4.3. A word-for-word translation of the proof above shows that the same result holds for X and Y even vector
ﬁelds on a compact supermanifold M .
Consider now X a vector ﬁeld on a (compact) manifold M . This determines an odd vector ﬁeld ιX on ΠTM that squares
to zero. Its ﬂow is reduced to a map α : R0|1 × ΠTM → ΠTM given by
α∗ : Ω∗M → Ω∗M[θ]: ω → ω + (ιXω)θ.
Lemma 4.4. Let X and Y be vector ﬁelds on M and ιX , ιY the corresponding odd vector ﬁelds onΠTM with ﬂowmaps R0|1×ΠTM →
ΠTM denoted by α and β . Then the ﬂow γ of ιX + ιY is given by
γ : R0|1 × ΠTM → ΠTM, γ = β ◦ (1× α) ◦ ( × 1),
where  : R0|1 → R0|1 × R0|1 is the diagonal map. On S-points, this means
γ (θ, x) = β(θ,α(θ, x)).
Proof. We have to check that the following diagram commutes
R0|1 × ΠTM γ
×1
ΠTM
R0|1 × R0|1 × ΠTM R0|1 × ΠTM.
β1×α
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ω + ιXωθ + ιYωθ ωγ
∗
β∗
ω + ιXωθ2 + (ιYω + ιX ιYωθ2)θ1
θ1=θ2
ω + ιYωθ1.α∗ 
Remark 4.5. The same proof shows that if X and Y are two odd vector ﬁelds on a supermanifold that square to zero
and their Lie bracket [X, Y ] is also zero, then the sum X + Y is an odd vector ﬁeld that squares to zero and its ﬂow
(an R0|1-action) is the composition of the ﬂows of X and Y .
Lemma 4.6. Let α : R× M → M be the ﬂow of a vector ﬁeld X on the compact manifold M. If f is a positive function on M then the
ﬂow of f X is given by
β : R× M → M : (t, x) → α(s(t, x), x),
where s : R× M → R is the solution to{
∂s
∂t
(t, x) = f (α(s(t, x), x)),
s(0, x) = 0, for all x.
The proof is a routine check.
Corollary 4.7. Let X and Y be vector ﬁelds on M. Then X and Y have the same (directed) trajectories if and only if Y = f X , for some
positive function f on M.
Corollary 4.8. If Y = f X , for some positive function f on M, and c is an integral curve of X then c ◦ ϕ is an integral curve of Y ,
for some (orientation-preserving) diffeomorphism ϕ of R.
When M is a supermanifold, the situation is more involved. We still have as before
Lemma 4.9. Let α : R×M → M be the ﬂow of an even vector ﬁeld X on the compact supermanifold M. If f is a positive even function
on M then the ﬂow of f X is given by
β : R× M → M : (t, x) → α(s(t, x), x),
where s : R× M → R is the solution to{
∂s
∂t
(t, x) = f (α(s(t, x), x)),
s(0, x) = 0, for all x.
Let now f be a positive even function and X be an odd vector ﬁeld with ﬂow α : R1|1 × M → M on the supermani-
fold M . Let ϕ : R1|1 ×M → R1|1 be a family of diffeomorphisms of R1|1 parametrized by M that preserves the 1-dimensional
distribution determined by the vector ﬁeld D on R1|1 so that
(D ⊗ 1) ◦ ϕ∗ = M f α(ϕ×1)(1×) ◦ ϕ∗ ◦ D.
Here f α(ϕ ×1)(1×) : R1|1 ×M → R1|1 is an even function on R1|1 ×M , and Mg denotes multiplication by the function g .
Then we have the following
Lemma 4.10. The ﬂow of the odd vector ﬁeld f X is given by the map
β : R1|1 × M → M, β = α(ϕ × 1)(1× ),
or, on S-points,
β(t, θ, x) = α(ϕ(t, θ, x), x).
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(D ⊗ 1) ◦ β∗ = β∗ ◦ f X .
Now
LH S = (D ⊗ 1) ◦ (1⊗ ∗) ◦ (ϕ∗ ⊗ 1) ◦ α∗
= (1⊗ ∗) ◦ (D ⊗ 1⊗ 1) ◦ (ϕ∗ ⊗ 1) ◦ α∗
= (1⊗ ∗) ◦ ((D ⊗ 1) ◦ ϕ∗)⊗ 1 ◦ α∗
= (1⊗ ∗) ◦ (M f α(ϕ×1)(1×) ◦ ϕ∗ ◦ D)⊗ 1 ◦ α∗
= M f α(ϕ×1)(1×) ◦
(
1⊗ ∗) ◦ ((ϕ∗ ◦ D)⊗ 1) ◦ α∗.
In the fourth equality we used the deﬁning property of the family ϕ of diffeomorphisms of R1|1. On the other hand,
RHS = (1⊗ ∗) ◦ (ϕ∗ ⊗ 1) ◦ α∗ ◦ f X
= M f α(ϕ×1)(1×) ◦
((
1⊗ ∗) ◦ (ϕ∗ ⊗ 1) ◦ α∗ ◦ X)
= M f α(ϕ×1)(1×) ◦
((
1⊗ ∗) ◦ (ϕ∗ ⊗ 1) ◦ (D ⊗ 1) ◦ α∗)
= M f α(ϕ×1)(1×) ◦
((
1⊗ ∗) ◦ ((ϕ∗ ◦ D)⊗ 1) ◦ α∗),
where in the third equality we used the fact that α is the ﬂow of the vector ﬁeld X . The two expressions coincide, and this
veriﬁes the lemma. 
4.2. Even–odd rules
Consider the following families of even vector ﬁelds on ΠTM
e¯ = {LX | X vector ﬁeld on M},
respectively odd vector ﬁelds on ΠTM
o¯ = {ιX | X vector ﬁeld on M}.
The following lemma is easy to check.
Lemma 4.11.
spane o¯ ⊕ spano e¯ =X (ΠTM)odd,
spane e¯ ⊕ spano o¯ =X (ΠTM)ev,
where e and o denote even, respectively odd functions onΠTM, and spane o¯ denotes the span of odd vector ﬁelds by even functions, etc.
To deﬁne a connection on π∗E over ΠTM from an odd-trivial parallel transport, we ﬁrst deﬁne ∇e¯ and ∇o¯ , using the
ﬂows of these vector ﬁelds and differentiating the parallel sections along these paths to obtain horizontal lifts, along which
we differentiate arbitrary sections. This deﬁnition requires a consistency check that
∇e¯+e¯ = ∇e¯ + ∇e¯,
∇o¯+o¯ = ∇o¯ + ∇o¯,
which holds in both cases as we can express the ﬂow of the sum of two vector ﬁelds in terms of the ﬂows of each of the
vector ﬁelds via composition by Remark 4.3 and Lemma 4.4. Moreover, as both e¯ and o¯ are C∞(M)-modules, the C∞(M)-
linearity of ∇ is assured by Lemmas 4.9 and 4.10.
We then extend the deﬁnition of the connection ∇ to arbitrary vector ﬁelds on ΠTM by C∞(ΠTM)-linearity. Explicitly,
this means we deﬁne
∇e·e¯ := e · ∇e¯, ∇e·o¯ := e · ∇o¯
and
∇o·o¯ := o · ∇o¯, ∇o·e¯ := o · ∇e¯.
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∇E+O := ∇E + ∇O,
∇E+E := ∇E + ∇E ,
∇O+O := ∇O + ∇O.
The last two relations also require a consistency check. First, if
∑
ω jιX j = 0, then
∇∑ω j ιX j = 0,
since ∇∑ω j ιX j acts as the derivation
∑
ω jιX j on Γ (ΠTM;π∗E) = Ω∗(M) ⊗ Γ (M; E). Second, if∑
ω jLX j = 0,
then the X j ’s are C∞(M)-linearly dependent, and the two ways of deﬁning for example ∇L f X = ∇ fLX , for f ∈ C∞(M),
are consistent with each other.
We can summarize the above considerations in the following
Lemma 4.12. Consider the map
V ∈ e¯ ⊕ o¯ −→ ∇V : Γ
(
ΠTM;π∗E)→ Γ (ΠTM;π∗E)
linear over C∞(M) so that ∇e¯ and ∇o¯ are e¯-, respectively o¯-derivations. Then ∇ extends uniquely to a connection
V ∈X (ΠTM) −→ ∇V : Γ
(
ΠTM;π∗E)→ Γ (ΠTM;π∗E),
on the bundle π∗E over ΠTM, by C∞(ΠTM)-linearity.
4.3. Conclusion of the proof of Proposition 4.1
Now we can ﬁnally describe the arrow “−→” of Proposition 4.1 since an odd-trivial parallel transport deﬁnes a map ∇
satisfying the conditions in Lemma 4.12, so ∇ deﬁnes a connection on π∗E over ΠTM . This connection is clearly odd-trivial.
Let us remark that the Lie bracket of odd vector ﬁelds lifts in a compatible way which is consistent with the fact that an
odd-trivial connection is ﬂat in the odd directions.
The only thing left to check is that the two arrows are inverse of each other. A standard argument (see [3, Section 3.3])
shows that the parallel transport of a connection recovers the connection; this means for us that the map “←−” of Propo-
sition 4.1 is injective. To ﬁnish the proof, it is enough to verify that
←− ◦ −→= id.
That is, start with a 1|1 parallel transport on E over M and consider the associated connection ∇ deﬁned by the even
rules above. We have to verify that the 1|1 parallel transport determined by the connection coincides with the 1|1-transport
we started off with.
Recall that the connection ∇ is deﬁned by looking at parallel sections along families of (super)paths
R1|1 × ΠTM → ΠTM, R× ΠTM → ΠTM,
which come from ﬂows of odd respectively even vector ﬁelds on ΠTM .
First, using the deﬁnition of the connection and the properties of ﬂows in Section 4.1, we infer that the two parallel
transport functors coincide for ﬂows of vector ﬁelds of the form
e · e¯, e · o¯
as by o¯ we denoted odd vector ﬁelds of the type ιX on ΠTM (for X a vector ﬁeld on M) and these square to zero, and sums
of these also square to zero.
Next we verify the identity of the parallel transport functors on vector ﬁelds of the type
o · o¯.
Let f be an odd function and X an odd vector ﬁeld on ΠTM so that X2 = 0 and X( f ) = 0 or X( f ) = 1. (This is no
restriction, as the more general case o · o¯ is obtained by multiplication by an even function for which we apply Lemma 4.9.)
When X( f ) = 0, the ﬂow of f X is given by
α : R× ΠTM → ΠTM, α∗ω = ω + t f X(ω).
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R× ΠTM α ΠTM
R0|1 × R× ΠTM R× ΠTM,
where the ﬁrst map is induced by the odd function f on ΠTM , the second map expresses the ﬂow of the odd vector
ﬁeld t X on R× M and the last map is the projection map.
When X( f ) = 1, the ﬂow of f X is given by
α : R× ΠTM → ΠTM, α∗ω = ω + (et − 1) f X(ω).
Therefore α can be written as the composition
R× ΠTM α ΠTM
R0|1 × R× ΠTM R× ΠTM,
where the ﬁrst map is induced by the odd function f on ΠTM , the second map expresses the ﬂow of the odd vector ﬁeld
(et − 1)X on R× M and the last map is the projection map.
In both situations we can express the parallel sections along f X with respect to the parallel sections along X . This proves
the compatibility of parallel transports along ﬂows of the type o · o¯. The case o · o¯ + o · o¯ as well as the cases e · e¯ + e · e¯ and
e · e¯ + o · o¯ are covered by Remark 4.5. Therefore, the two parallel transport functors coincide alongside ﬂows of arbitrary
even vector ﬁelds on ΠTM .
Consider now vector ﬁelds of the type
o · e¯.
In this case we pass to the intermediate space R0|1 × ΠTM via the projection map
R0|1 × ΠTM → ΠTM,
and use the functoriality of parallel transport under pullbacks. Let therefore f be an odd function on ΠTM and X an even
vector ﬁeld on ΠTM so that X( f ) = 0. This means in particular that ( f X)2 = 0. (This is no restriction on the type o · e¯,
if we combine our choice with the fact shown below that the parallel transports coincide for ﬂows of vector ﬁelds of the
type o · e¯ + o · e¯, so that the coeﬃcient function is annihilated by the vector ﬁeld.) The ﬂow of f X is then given by
α : R0|1 × ΠTM → ΠTM, α∗ω = ω + θ f X(ω).
This precise formula allows us to write the ﬂow α as the composition
R0|1 × ΠTM α ΠTM
R× R0|1 × ΠTM R0|1 × ΠTM,
where the ﬁrst map is the inclusion t = 1, the second map gives the ﬂow of the even vector ﬁeld (θ f )X on R0|1 ×ΠTM and
the last map is the projection map. Because parallel transport is functorial and is the same along the R-action map in the
diagram above, which expresses the ﬂow of an even function multiplying an even vector ﬁeld, the two transport functors
give rise to the same R0|1-action, i.e. they coincide along the ﬂow of f X .
A similar trick applies for vector ﬁelds of the type
e · o¯ + e · o¯, o · e¯ + o · e¯, e · o¯ + o · e¯
by passing again to the intermediate space R0|1 × ΠTM via the projection map
R0|1 × ΠTM → ΠTM.
Indeed, let X be a vector ﬁeld of one of the three types above. The ﬂow of X is given by
α : R1|1 × ΠTM → ΠTM, α∗ω = e−t X2+θ Xω = e−t X2(1+ θ X)ω.
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R× R0|1 × ΠTM α ΠTM
R0|1 × ΠTM R× R0|1 × ΠTM R0|1 × ΠTM.
The ﬁrst map expresses the ﬂow of the even vector ﬁeld −X2 on R0|1 × ΠTM , the second map is the inclusion t = 1,
the third map is the action map of the even vector ﬁeld θ X on R0|1 × ΠTM and the last map is the projection map.
Functoriality of parallel transport combined with the compatibility of the parallel transport functors for even vector ﬁelds
already proven, gives the required compatibility along the ﬂow α.
These cases cover all types of vector ﬁelds we have on ΠTM . Therefore, the above composition is the identity for parallel
transport along families determined by ﬂows of arbitrary vector ﬁelds on ΠTM .
Finally, we are left to consider an arbitrary family of (super)paths and show that the given 1|1 parallel transport coincides
with the one emerging from the connection. This general situation reduces as follows to the case of families of (super)paths
coming from ﬂows of vector ﬁelds discussed so far.
By smoothness of parallel transport, the two transport functors coincide for families of ﬂows of vector ﬁelds on ΠTM ,
i.e. maps of the form
R1|1 × ΠTM × S → ΠTM, R× ΠTM × S → ΠTM,
where S is an arbitrary supermanifold. Consider now an arbitrary family of superpaths
c : R1|1 × S → ΠTM,
parametrized by a supermanifold S . Then c factors as below
R1|1 × S c
1×c0×1
ΠTM,
R1|1 × ΠTM × S
α
where c0 denotes the restriction of c to (0,0) × S ↪→ R1|1 × S , and the upper right arrow α is a map of families of ﬂows
of vector ﬁelds on ΠTM parametrized by S (such a map α exists since any superpath in a supermanifold is an integral
curve of a vector ﬁeld on the supermanifold, at least locally). Now, the parallel transport of the connection coincides with
the original parallel transport along the superpath α, and, by naturality of parallel transport, along c as well. A similar
argument applies for (families of) paths in ΠTM . This then veriﬁes that the above composition of arrows is the identity
and concludes the proof of Proposition 4.1.
This also ﬁnishes the proof of Theorem 1.1, by putting together Propositions 2.2, 3.1 and 4.1.
One should add a word about the functoriality of the parallel transport via the map
R0|1 × ΠTM → ΠTM,
used in the proof above to treat the case of ﬂows of arbitrary odd vector ﬁelds on the supermanifold ΠTM . As we noted, the
two parallel transports coincide by deﬁnition for R0|1-actions and speciﬁc R-actions, which allows us to show they coincide
for all R-actions, i.e. for the ﬂows of all even vector ﬁelds. This in particular implies that the two parallel transports coincide
for arbitrary families of paths (R-families), by the same argument that passes from ﬂows to arbitrary families. If we take
the parametrizing space for the family to be R0|1 × ΠTM , we obtain that the pullbacks of the transport functors under the
map above coincide for R-actions on the auxiliary space R0|1 × ΠTM . Similar reasoning applies to functoriality of parallel
transport via the map
R× ΠTM → ΠTM
relative to R0|1-actions, used in identifying the parallel transport functors for ﬂows of vector ﬁelds of the type o · o¯.
Concluding remarks.
(1) A consequence of our proof above is that the ﬂow of a sum of two odd vector ﬁelds on a supermanifold can be
expressed as the composition of the ﬂows of each of the vector ﬁelds, although we do not know a closed formula.
From a ﬁeld theoretic perspective this carries no weight, as the algebraic operation of summation is described via
composition. The philosophical meaning is that whatever construction a ﬁeld theory does over a space, it is carried on
also to the algebraic operation of summation over the space. Similarly about function multiplication.
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ﬂow of sum of odd vector ﬁelds (as we do for even vector ﬁelds), or for the ﬂow of an odd function multiplying a vector
ﬁeld. The formulas in Section 4.1 are suﬃcient though to allow for this “even passage” in the superworld. As a result
we conclude that the information of a 1|1 parallel transport over a (super)manifold M is encoded in parallel transport
along ﬂows of even vector ﬁelds, and odd vector ﬁelds that square to zero. Thus we do not need to look at arbitrary
families of (super)paths in M to single out the transport functor.
(3) As a ﬁnal comment, let us remark that the map “←−” in Theorem 1.1 coincides with our original construction of
Section 3 in [3]. Indeed, if c : R1|1 × S → M denotes a superpath in M , a parallel section along c is given by a parallel
section s along ic, where i : M → ΠTM is the standard inclusion map, according to Proposition 3.1. By Proposition 4.1,
s must satisfy the differential equation
(ic)∗
(
π∗∇)Ds = 0.
As π i = id, we have that i∗π∗∇ = ∇ , and therefore the above equation is equivalent to(
c∗∇)Ds = 0,
the equation that deﬁnes the parallel transport along c in [3].
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